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On the b a s i s  of  the m o d e l  p r o p o s e d  by  V. S. L e n s k i i ,  an exac t  so lu t i on  is ob ta ined  fo r  the  p r o b l e m  
c o n c e r n e d  with  p r o p a g a t i o n  of  n o n l i n e a r  e l a s t i c - p l a s t i c  load ing  w a v e s  in a s e m i i n f i n i t e  b a r  wi th  d e l a y i n g  
y i e ld .  

In [1] a . m o d e l  was  p r o p o s e d  which ,  on the  b a s i s  o f  a l i n e a r  h a r d e n i n g  d i a g r a m ,  d e s c r i b e s  the  e f fec t  
of  y i e l d  d e l a y  of a m a t e r i a l .  

It i s  p o s s i b l e  to g e n e r a l i z e  th i s  m o d e l  for  a c a s e  when the  r e l a t i o n  a = a(e, t )  is  n o n l i n e a r .  F o r  th i s  
the  p r o b l e m  of  a c t i v e  load ing  of  a s e m i i n f i n i t e  b a r  is r e d u c e d  to the  c o n s t r u c t i o n  of  the  c o r r e s p o n d i n g  
R i e m a n n  wave  [2]. 

Let  f o r c e  ga(t) act  at the  end x = 0 of a s e m i i n f i n i t e  b a r  x -> 0, the  m a t e r i a l  of which  p o s s e s s e s  the  
ef fec t  of y i e l d  de lay .  F o r  the s ake  of b e i n g  e x p l i c i t ,  we a s s u m e  tha t  the  f o r c e  is t e n s i l e .  The a ~ e ~ l r e -  
l a t i on  in any s e c t i o n  of the  b a r  is  t a k e n  in the  f o r m  

o = ass ( t - -  X/ao) + �9 [ e - - e s  ( t - -  X/ao) ] (e>fes), 
(1) 

H e r e  Ss is  a d e c r e a s i n g  funct ion  of t i m e ,  whi le  the  funct ion 5(z)  s a t i s f i e s  the  fo l lowing  cond i t ions :  

�9 (o) = o, o < @' (z) < E, O" (z) .% 0. (2) 

F o r  the s t r a i n  at the  end to be  a c t i v e ,  the  p r e s s u r e  mus t  s a t i s f y  the  cond i t i on  [3] 

(p' (t) >f Ee,' ( t) ,  (3) 

In the r e g i o n  of e l a s t i c  d e f o r m a t i o n s  ( F i g .  1, r e g i o n  1) the  equa t ion  of m o t i o n  h a s  the  f o r m  

0 2 u ~ O~|u E 
- g ~ = a o  - f f~ ,  ao~= T . (4)  

The so lu t i on  of  Eq. (4) fo r  z e r o  in i t i a l  d a t a  is  g iven by  the  q u a d r a t u r e  

0 x 

Fig .  1 

t--x/~ 
u (Z, t) = - -  a__~o I ~ (~) d 

e o (5)  
Ou t Ou ._~ 

~--- Ox --  E r v = ' ~ - ~ = - -  r  

The d e t e r m i n a t i o n  of  the  s t r e s s - s t r a i n  s t a t e  in s ide  the  e l a s t i c - p l a s t i c  r e -  
g ion 2 r e d u c e s  to  f inding  the s o l u t i o n  of the  equa t ion  
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O~u O~u a s - -  a~ (t - -  z/ao), a ~ = q~' ( s - -  s~)  / p, a~ (0) = ao ~ = E 

f o r  t h e  f o l l o w i n g  b o u n d a r y  c o n d i t i o n s :  

(0, t) = tp (t), ul = u2 for x = a 0 (t - 1:) . (7) 

H e r e  T is  t he  i n s t a n t  at w h i c h  p l a s t i c  s t r a i n s  o c c u r  at t h e  end  of  t h e  b a r .  

It is e a s y  to  show tha t  the  c h a r a c t e r i s t i c  x = a0(t - "r) is  a l i ne  of  w e a k  d i s c o n t i n u i t y .  T h e r e  t he  l a s t  

c o n d i t i o n  (7) c a n  be  r e p l a c e d  by  t h e  s t i p u l a t i o n  o f  c o n t i n u i t y  o f  v e l o c i t i e s  and s t r a i n s  f o r  x = a0(t - 75. 

We i n t r o d u c e  into t he  a n a l y s i s  a n e w  f u n c t i o n  U(x , t ) ,  g i v e n  by  the  e q u a t i o n  

t - x / a ~  

g (z, t) = u (z, t) + ao I s~ (~) d~ 

OU OU 
e*_~.--~-~=e--as(t--x/ao) ,  V = w = v q - a o e s ( t - - x / a o ) ,  

(85 

Then Eq. (8) assumes the form 

0 ~ U 0 ~ U 
at2 = a 2 (8*)  O~ ~ ( 9 )  

T h e  f u n c t i o n  U(x, t )  h e r e  m u s t  s a t i s f y  t h e  f o l l o w i n g  c o n d i t i o n s :  

e*lx=_0=eo*(t), e* = V = 0  for x = a o ( t - - ~ )  (105 

w h e r e  e0*(t) i s  a g i v e n  f u n c t i o n  of  t i m e .  

E q u a t i o n  (95 c o n s t i t u t e s  a q u a s i - l i n e a r  e q u a t i o n  of  t h e  h y p e r b o l i c  t y p e ,  w h i c h  is e q u i v a l e n t  to t h e  f o l -  

l o w i n g  s y s t e m  of  c h a r a c t e r i s t i c s :  

dx = :t: a (e*) dt, dV = d_ a (8") de*. (115 

The last conditions (ii) can be integrated along the corresponding characteristics in the xt plane 

(125 V = :t: I a(~)d~ + %~ 
n 

w h e r e  t h e  c o n s t a n t s  c l  and e 2 h a v e ,  g e n e r a l l y  s p e a k i n g ,  h a v e  d i f f e r e n t  v a l u e s  on d i f f e r e n t  c h a r a c t e r i s t i c s .  

We s h o w  tha t  in t he  r e g i o n  2 t he  i n t e g r a I  of  Eq .  (9) e x i s t s ,  

V = - -  ! a(~)d~ . 
o 

(13)  

I n d e e d ,  a l o n g  t h e  c h a r a c t e r i s t i c s  o f  n e g a t i v e  s l o p e  t h e  r e l a t i o n  

V ----- - -  I a (~) d~ + e~ 
0 

ho lds .  

S ince  t h e  c h a r a c t e r i s t i c s  of  n e g a t i v e  s l o p e  i n t e r s e c t  t he  l i n e  x = a0(t - "r) on  w h i c h  a* = V = 0, t h e n  
e2 - 0 .  T h u s  t h e  i n t e g r a l  (13) e x i s t s  in t h e  r e g i o n 2 .  

T h e  c h a r a c t e r i s t i c s  of  p o s i t i v e  s l o p e  a r e  s t r a i g h t  l i n e s .  I n d e e d ,  f r o m  t h e  e x i s t e n c e  of t h e  i n t e g r a l  

(13) and t h e  c h a r a c t e r i s t i c  c o n d i t i o n  

1 1 3  



2 2' 

,c I 

g x 

0 

it follows that  e* and V a r e  cons tan t  a long each c h a r a c t e r i s t i c  of pos i t ive  slope.  
Consequen t ly ,  t h e i r  equa t ion  has the f o r m  

x = a (e*) (t -- to) , (14) 
Fig. 2 

Here  t o is any poin t  on the t axis  for which,  in a c c o r d a n c e  with the bounda ry  
condi t ion  (10), the force  q~(t0) o r ,  which is the s a m e  thing,  s0*(t) is known. 

The so lu t ion  of the p r o b l e m  in the r eg ion  2 is obta ined  in the f o r m  of the R i e m a n n  wave [2] 

e*=8o*(t--x/a(8*)) ,  V~----- I a(~)d~. ( 1 5 )  

o 

The s t r a i n s  and ve loc i t i e s  of s ec t i ons  of the ba r  a r e  e x p r e s s e d  by  the fol lowing e q u a t i o n s : .  

e = e0* (t - x / a (e - e,)) § e, (t - x/a0) 

e--E s (16) 

In p a r t i c u l a r ,  if the funct ion @(z) is l i ne a r ,  

�9 (z) = Elz {El ~ Z) 

then the so lu t ion  (16) is t r a n s f o r m e d  into the wel l -known so lu t ion  for  p l a s t i c  r e g i o n s g i v e n i n  [1]. F r o m  the 
so lu t ion  thus ob ta ined  we see that  e l a s t i c  r e l a x a t i o n  waves ,  a r i s i n g  as a r e s u l t  of spon taneous  r e duc t i on  of 
the y ie ld  point  of the m a t e r i a l  with t ime ,  a r e  imposed  on the p l a s t i c  loading waves  in the r eg ion  2. 

If ~ '(0) ~ E, then a r eg ion  of p u r e  r e l a x a t i o n  of s t r e s s e s  (the r eg ion  2 '  in Fig. 2) a ppe a r s  be tween  
the r e g i o n s  1 and 2, i .e . ,  in th is  r e g i o n  the so lu t ion  has the f o r m  

e = es ( t - -  x / a0), v = -- a0s~ (t - x/a0). (17) 

In the r e g i o n  2 in this  c a s e  the so lu t ion  (16) r e m a i n s  val id .  
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